We analyze the quantum phenomenon arising from the interaction of a spinless charged particle with a rotating cosmic string, under the action of a static and uniform magnetic field parallel to the string. We calculate the energy levels of the particle in the non-relativistic approach, showing how these energies depend on the parameters involved in the problem. In order to do this, we solve the time independent Schrödinger equation in the geometry of the spinning cosmic string, taking into account that the coupling between the rotation of the spacetime and the angular momentum of the particle is very weak, such that makes sense to apply the Schrödinger equation in a curved background whose metric has an off diagonal term which involves time and space. It is also assumed that the particle orbits sufficiently far from the boundary of the region of closed timelike curves which exist around Preprint submitted to Elsevier March 28, 2014 this topological defect. Finally, we find the Landau levels of the particle in the presence of a spinning cosmic string endowed with internal structure,
Introduction
Spinning cosmic strings are stable one-dimensional topological defects, infinitely long and straight, characterized by an angular parameter α that depends on their linear mass density µ and by a linear density of angular momentum J. These structures are the stationary counterpart of the static cosmic strings, in which α = 1 − 4Gµ, probably arising during the very early stages of the known universe, when the first decoupling between the fundamental interactions described by the Standard Model of Elementary Particles occurred [1] .
Such objects were studied for the first time as vacuum solutions of General Relativity through the Kerr spacetime reduced to 1 + 2 dimensions [2] .
Shortly after, these three-dimensional solutions were naturally extended to the 4-dimensional spacetime [3] in order to describe spinning cosmic strings.
Like the static ones, their geometry is locally flat, but not globally. There is a singularity which coincides with the localization of the string, along which the Riemann curvature is infinity.
The spacetime of spinning cosmic strings has peculiar and nontrivial topological properties, which arise from its conical geometry, as well as from the rotation of the spacetime. Like in the case of their static analogues [4, 5] , these properties result in some interesting phenomena, as gravitomagnetism and the gravitational Aharanov-Bohm effect, both arising at a purely classical level (i.e., non-quantum) [6] .
Spinning cosmic strings can also present internal structure [8] , and are surrounded by an exotic region that allows the formation of closed timelike curves (CTC's) [9] , which are problematic from the point of view of the violation of causality. The boundary that defines this region is at a distance proportional to J/α measured from the cosmic string, and provides a natural boundary condition for the involved fields. The spinning cosmic string was also studied in the Cartan-Einstein's theory [10, 11] and teleparallel gravity [12] , in which the regions of CTC's were also examined. There are also studies on these objects in the context of extra dimensions, including its causal structure and raising criticisms about the possibility of the existence of the region of CTC's [13] .
About the Landau levels of particles localized in the spacetime of spinning cosmic string, there is little literature [14] , as opposed to what happens with static cosmic strings [15, 16, 17, 18] , in despite of the occurrence of analogues to the spinning cosmic string in condensed matter physics, more specifically vortices in superfluids [19, 20] . We think that the present paper gives a contribution in the direction to suppress this gap, helping to elucidate the theoretical Landau quantization of charged particles placed in the spacetime of spinning cosmic strings, including the possibility of these having internal structure. The approach consists in the resolution of the Schrödinger equation in the appropriate metric, considering an approximation in which the particle is at a safe distance from the boundary of the CTC's region. The levels of energy are extracted from the found solutions. Finally, we will analyze the problem of the Landau levels in the spacetime of a spinning cosmic string with internal structure, whose interior region is uniformly filled with both matter and vacuum energies, the latter represented by a cosmological constant.
This paper is organized as follows: section 2 details the methodology, section 3 presents the results and discuss them and section 4 closes the paper with the conclusions.
Spacetime metric and solution of the Schrödinger equation
The spacetime generated by a spinning cosmic string without internal structure, which is termed ideal spinning cosmic string, is described by the metric given by [7] 
where the angular deficit parameter that depends on the linear mass density of the cosmic string is α ≤ 1, and a = 4GJ/c 3 is the rotational parameter of the string, which has unit of distance.
Note that in this case, the source of the gravitational field relative to a spinning cosmic string possesses angular momentum and the metric (1) has an off diagonal term involving time and space. The non-relativistic approach using the Schrödinger equation involves only the covariant Laplacian and this implies that such equation can not be applied in a general situation. However, if we consider that the coupling between the angular momentum of the spinning cosmic string and the angular momentum of the particle is very weak, coupling that can be achieved by imposing that aΩ = (4GJ/c
where Ω = dφ/dt is the angular velocity of the particle, then we can neglect 
where g ij is the inverse of the spatial part of the metric tensor, with g being the determinant of the metric. The term in brackets is proportional the covariant Laplacian operator in arbitrary curved spacetimes. Einstein's summation convention is used here.
The electromagnetic coupling is implemented in the usual way via −i
, where c is the speed of light and e is the electric charge of the particle. In this problem, the vector potential A i has only the azimuthal component, consistent with the presence of a uniform magnetic field B parallel to the spinning cosmic string, which lies along the axis z. Then, the non-null covariant component of the potential vector has the form A φ = Bρ 2 /2. We also consider that the particle is at a large distance from the boundary which defines the region of CTC's.
In these conditions, the complete equation that describes a particle without spin and with charge e coupled to the electromagnetic potential with azimuthal direction, in the metric given by the equation (1) is
Now, let us assume that the particle is at a safe distance from the boundary of the region of CTC's, which means that ρ ≫ a/α. Taking into account the symmetries of the spacetime, the wave function can be written as
determined by both azimuthal and translational (in z direction) symmetries.
Then, the equation (3) becomes a ordinary differential equation for the radial part R(ρ), given by
in which we kept terms up to O(a 2 ). The solution of equation (5), physically compatible with the problem, is given in terms of the confluent hypergeometric function 1 F 1 (β; γ; z), as
where C is a normalization constant. A 1 , A 2 and A 3 are the constant coefficients which multiply the terms with ρ −2 R, ρ 2 R and R, respectively, in the radial equation (5).
Results and Discussion
In this section, we will analyse the results concerning two kinds of spinning cosmic strings: the one without internal structure and the other with internal structure.
Ideal spinning cosmic string
The energy eigenvalues E nℓ of the particle are given from the condition of the regularity of the radial function at the infinity. This occurs when the confluent hypergeometric function is polynomial, i.e., if its first entry is a negative integer (β = −n) [21] . So we have
where ω c = |e|B mc is the cyclotron frequency of the particle. The last term of this equation represents the energy associated with the motion of the particle in the direction parallel to the spinning cosmic string. We remark that the energy eigenvalues are always real, provided that the particle has negative charge (i.e., e → −|e|, when both ℓ and B > 0), in order to describe stable orbits around the string. The same is true if the particle carries positive charge, but now ℓ < 0. Since that the term with the square root is greater than ℓ/α in equation (7), energy remains positive. We consider the result expressed in this equation consistent, since when one turns off the rotation of cosmic string doing a → 0 in this equation, compatible with the weak coupling discussed in previous section, we exactly obtain the Landau levels found in the spacetime of a static cosmic string [15] .
Considering the case in which eBa 2 ≪ 2 cℓα 2 , then we can expand the square root in (7) in order to have
and, thus, we can state that the Landau levels of the particle in the geometry of spinning cosmic string are now given by
where ∆ = 
Spinning Cosmic String with Internal Structure
We can leave the problem more interesting, when consider the spacetime of a spinning cosmic string endowed with internal structure, i.e., having a finite width, uniformly filled with both matter and vacuum energies, the latter represented by a cosmological constant Λ. The metric for a static cosmic string with these characteristics was found in [22] , which is based on the model of Gott-Hiscock cosmic string. For the external region of this cosmic string, the metric obtained in the cited work is
where the angular parameterᾱ is written in terms of the usual static cosmic string one asᾱ
where ρ 0 is the internal volumetric density of energy of the cosmic string, that is related to µ by the relation ρ 0 S = µ, where S is its cross section, which in the idealized cosmic string is null. At this point it is interesting to call attention to the fact that ρ 0 is associated with the radius of the boundary which defines de CTC's region through the relation r CT C = a/α = aρ 0 /α(ρ 0 + Λ). Thus, considering S = πr 2 0 , where r 0 is the radius of the string, and the fact that ρ 0 S = µ, we find that
provided that α = 1 − 4Gµ. Therefore, the radius of the CTC's region depends on the radius of the cosmic string, as well as on its linear mass density, angular momentum and the cosmological constant.
We now will put this cosmic string to rotate, doing the transformation dt → dt + adφ, as seen in (1) . The exterior metric is now the same of the spinning cosmic string with the angular parameter redefined. Thus, the Landau levels are obtained by the procedure and in the conditions previously discussed, given by
From this equation, we note that the internal structure modifies the spectrum, which now also depends on the vacuum energy of the string. Without this energy, the spinning cosmic string behaves as an ideal one.
Concluding remarks
In this work, we studied the Landau levels of a charged particle placed in the spacetime of a spinning cosmic string, which is straight and infinitely long. For this purpose, we have solved the Schrödinger equation independent of time, considering both the conical geometry and the spacetime rotation associated with this topological defect. The particle was also coupled to an electromagnetic potential with azimuthal direction, in order to make it interact with a static and spatially homogeneous magnetic field, parallel to the cosmic string.
We made an approach consistent with the requirement of the particle must be located at a safe distance from the boundary that defines the region of closed timelike curves near spinning cosmic string. In addition to this restriction, in order to use the Schrödinger equation from the beginning, we imposed that the coupling between both the angular momenta of the spinning cosmic string and of the particle is very weak in such a way that we neglected the off-diagonal terms of the metric given by (1).
The obtained eigenvalues for the energy of the particle are such that when the angular momentum of the string is turned off, one recovers the energy levels of the same particle in the geometry of static cosmic string presented in the literature. The problem has been solved without considering any restriction with respect to the intensity of the gravitational field generated by cosmic string (measured by the linear mass density and by its rotation).
We have also calculated the Landau levels of a charged particle without spin in the geometry of a spinning cosmic string endowed with an internal structure, according to the model of Gott-Hiscock. This cosmic string has finite width and is uniformly filled with both matter and vacuum energies, the latter represented by a cosmological constant. It was found that, when the cosmological constant vanishes, we recover the Landau levels for the case of spinning cosmic string with no internal structure, meaning that the latter could only be revealed from the presence of its own vacuum energy density.
It is worth commenting that, in general, the off diagonal term of the metric cannot be neglected, and then, this problem must be analyzed in the relativistic context by using the Klein-Gordon equation and taking into account the appropriate non-relativistic limit. In doing this, the obtained Schrödinger equation differs from (3). In such situation, it is possible to get purely gravitational effects of induction of the Landau levels through the rotation of spacetime, as analysed in [23] in the context of the Kerr metric. Otherwise, imposing that the coupling of the angular momentum of the source of the gravitational field (spinning cosmic string) and the one corresponding to the particle is weak, as we did in this paper, we can apply the Schrödinger equation ab initio.
In conclusion, we emphasize that the obtained results are valid only with the restrictions adopted, namely, the particle is located at a safe distance from the boundary that defines the region of closed timelike curves and that the coupling between the angular momentum of the spinning cosmic string and the angular momentum of the particle is very weak, in which situation we can neglect the off diagonal terms of the metric given by (1) and apply the Schrödinger equation. Nevertheless, the results of this paper can, in principle, be used to identify some effects produced by a spinning cosmic string and contribute to the studies of vortices in superfluids, due to the analogy between them.
